The purpose of this paper is to study the existence of periodic solutions and the topological structure of the solution set of first-order differential equations involving the distributional Henstock-Kurzweil integral. The distributional Henstock-Kurzweil integral is a general integral, which includes the Lebesgue and Henstock-Kurzweil integrals. The main results extend some previously known results in the literature.
Introduction
In this paper, we consider the periodic boundary value problem (PBVP) for the firstorder differential equation Dx = f (t, x), x(0) = x(T ), (1.1) where Dx stands for the distributional derivative of x ∈ C([0, T ]), 0 < T < ∞, and f is a distribution (generalised function). Distributions and their derivatives are defined at the beginning of Section 2. The notion of a distributional derivative is very general, including, for example, ordinary derivatives and approximate derivatives. The first-order PBVP for ordinary differential equations dx dt = f (t, x), x(0) = x(T ), (1.2) with ordinary derivative dx/dt and f : [0, T ] × R n → R n has been studied extensively in recent years; see, for example, [4, 5, 10, 11, 16] . However, as far as we know, few 328 W. Liu, G. J. Ye, Y. Wang and X. Y. Zhou [2] papers have applied distributional derivatives to study PBVP. In this paper, by using distributional derivatives, we study the PBVP (1.1) and obtain some interesting results. This paper is organised as follows. In Section 2 we introduce a general integral called the distributional Henstock-Kurzweil integral or D HK -integral. We say that a distribution f is D HK -integrable on [a, b] ⊂ R if there is a unique continuous function F on [a, b] with F(a) = 0 whose distributional derivative is f . From the definition of the D HK -integral, we know that the D HK -integral includes the Riemann, Lebesgue, Henstock-Kurzweil (HK) and wide Denjoy integrals (for details, see [2, 6, 7, 14, 15] ). The space of integrable distributions is a Banach space and has many good properties; see [8, 9] .
In Section 3, with the D HK -integral and the distributional derivative, we generalise the PBVP (1.2) to (1.1) and apply the well-known Schauder fixed point theorem to study the existence of multiple solutions of (1.1). More precisely, by using the Vidossich theorem, we show that the solution set is an R δ , that is, it is homeomorphic to the intersection of a decreasing sequence of compact absolute retracts. Results in this paper are generalisations of corresponding results in the references.
The distributional Henstock-Kurzweil integral
In this section, we present the definition and some basic properties of the distributional Henstock-Kurzweil integral.
Define the space
where the support of a function φ is the closure of the set on which φ does not vanish, denoted by supp(φ). A sequence {φ n } ⊂ C ∞ c converges to φ ∈ C ∞ c if there is a compact set K such that all φ n have supports in K and, for every m ∈ N, the sequence of derivatives φ For all f ∈ D , we define the distributional derivative D f of f to be a distribution satisfying D f, φ = − f, φ , where φ is a test function. With this definition, all distributions have derivatives of all orders and each derivative is a distribution.
Let (a, b) be an open interval in R. We define [3] On periodic solutions for first-order differential equations involving the D HK -integrals 329
We are now able to introduce the definition of the D HK -integral.
The space of D HK -integrable distributions is defined by 
E 2.4. We know that the primitive function F of the HK-integrable function f is ACG * (generalised absolutely continuous; see [6, 14] 
L 2.6 [15, Theorem 11] . Suppose that f ∈ D HK and DF = f , where
If G ∈ C((a, b)) and lim t→a + G(t) = α and lim t→b − G(t) = β then
L 2.7. Let f, g be the distributional derivatives of F, G, respectively, where
P. It follows from the definition of distributional derivative and (2.1) that
Consequently, the result holds.
where the supremum is taken over every sequence {(t n , s n )} of disjoint intervals in [a, b]. If Vg < ∞ then g is called a function with bounded variation. Denote the set of functions with bounded variation by BV. As it is known that the dual space of D HK is BV (see details in [15] ), we have the next result. https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972711003455 [5] On periodic solutions for first-order differential equations involving the D HK -integrals 331
For f ∈ D HK and F ∈ B C with DF = f , we define the Alexiewicz norm by
|F|.
The following result has been proved. 
According to the definition of this ordering, we also have the following result. We say that a sequence { f n } ⊂ D HK converges strongly to f ∈ D HK if f n − f → 0 as n → ∞. The following two convergence theorems hold. 
Periodic boundary value problems
In this section, we shall study the first-order PBVP
where Dx denotes the distributional derivative of x ∈ C([0, T ]) and f is a distribution. Throughout this section, we denote by D HK (respectively HK, L) the space of D HK -(respectively, HK-, Lebesgue) integrable functions and by '( * ) ' the * -integral. We now impose some assumptions on the distribution f . Before coming to the main results in this paper, we give a result following from Lemma 2.3-that is, the PBVP (1.1) can be converted to an integral equation. 
for any p(t) ∈ HK, p(t) ≥ 0 on [0, T ] with P(t) = (HK) t 0 p(s) ds nonzero at t = T .
P. Let p(t) ∈ HK, p(t) ≥ 0 on [0, T ] satisfy P(T ) = (HK)
T 0
p(s) ds 0. Assume first that x : [0, T ] → R is a solution of PBVP (1.1). Then x ∈ C([0, T ])
. Hence, by Lemma 2.3, the distributional derivative Dx of x exists and is D HK -integrable. Applying (1.1), we obtain e P(t) (Dx + p(t)x) = e P(t) ( f (t, x) + p(t)x).
By Lemma 2.7 and integrating (3.2),
Thus x is a solution of the integral equation (3.1). Conversely, assume that x satisfies (3.1), or equivalently, the integral equation
Differentiation of (3.3) gives
Hence, x satisfies the differential equation (1.1) on [0, T ]. Moreover, inserting t = 0 and t = T in (3.1) yields x(0) = x(T ). Thus x is a solution of the PBVP (1.1). [7] On periodic solutions for first-order differential equations involving the D HK -integrals 333
We now give the well-known Schauder fixed point theorem, which is used to prove the existence of solutions of the PBVP (1.1). We are now ready to give our main results. 
P. Let
It follows from (3.6) that, for each x ∈ [y, z],
Let w = A y − y. Then, by (D 1 ), (3.4) and (3.7),
It follows from (3.8) that
Let t = T in (3.9), and note that w(0) ≥ w(T ). Then
In view of (3.9) and (3.10) we then have w = A y − y ≥ 0, that is, y ≤ A y. We can similarly verify that A z ≤ z. Hence (3.6) defines a mapping A :
Since y, z are continuous functions on [0, T ], they are also bounded on [0, T ]. Thus,
+ (e P(t 2 )−P(t 1 ) − 1)A x(t 2 ).
(3.11)
Since p(t) ∈ HK, p(t) ≥ 0, P(t) = (HK)
It is easy to see that e P(t) ∈ C([0, T ]) ∩ BV (and the same is true for e −P(t) ) on [0, T ]. Hence, there exists M > 0 such that
The result e P(t) ∈ BV on [0, T ] implies by Lemma 2. Hence, by Lemma 2.12 and (3.5),
Therefore, lim m→∞ A x m (·) = A x(·), which implies that A is continuous. Thus, A is a compact mapping. The result implies that A satisfies the hypotheses of Lemma 3.2, whence A has a fixed point, which is also the solution of PBVP (1.1).
We now consider the topological characterisation of the solution set of PBVP (1.1). First, we present the well-known Vidossich theorem.
Let C u (K, Y) be the space of all continuous mappings x : K → Y, where K is a compact convex subset of a normed space and Y is a metric space equipped with the topology of uniform convergence. Denote by B(t 0 , ε) the closed ball with centre t 0 and radius ε. Denote by x| A the restriction of the map x to A. (ii) For every ε > 0,
Then the set of fixed points of F is an R δ .
Recall that if a set is an R δ , it is homeomorphic to the intersection of a decreasing sequence of compact absolute retracts. Furthermore, Vidossich [17] pointed out that R δ is a nonempty, compact and connected set.
We are now in a position to give the second main result. has at least one solution. Moreover, the solution set is an R δ .
Then, by the assumptions, it is easy to see that the distribution f satisfies (D 1 ), (D 2 ) and We now give an example to illustrate the above results. Then the PBVP (3.17) has at least one solution. Moreover, the solution set is an R δ .
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972711003455
[11]
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P. The PBVP (3.17) can be regarded as a PBVP of the form (3.13), where µ = DS , q(x) = arctan x, t ∈ [0, 2], x ∈ C([0, 2]).
It is easy to see that µ(t) and q(x) satisfy the hypotheses of Corollary 3.6. Hence, the result holds.
It is well known that the Weierstrass function S (t) in (3.18) is continuous but differentiable nowhere on R (for details, see [3] ). Then, by Example 2.4, the distributional derivative DS is neither HK-integrable nor Lebesgue integrable. Hence, [11, Theorem 7] and [10, Theorem 5.1] are not applicable in this case.
